ABSTRACT: Historical, physical and geometrical relations between two different momenta, characterized here as Cartesian and Lagrangian, are explored. Cartesian momentum is determined by the mass tensor, and gives rise to a kinematical geometry. Lagrangian momentum, which is more general, is given by the fiber derivative, and produces a dynamical geometry. This differs from the kinematical in the presence of a velocity-dependent potential. The relation between trajectories and level surfaces in Hamilton-Jacobi theory can also be Cartesian and kinematical or, more generally, Lagrangian and dynamical.
Introduction
What we now call "momentum" has theological roots, in Descartes' Principia philosophiae (Pars secunda):
Deum esse primariam motus causam: et eandem semper motus quantitatem in universo conservare.
[...] Et generalem quod attinet, manifestum mihi videtur illam non aliam esse, quam Deum ipsum, qui materiam simul cum motu et quiete in principio creavit, jamque, per solum suum concursum ordinarium, tantumdem motus et quietis in ea tota quantum tunc posuit conservat. Nam quamvis ille motus nihil aliud sit in materia mota quam ejus modus; certam tamen et determinatam habet quantitatem, quam facile intelligimus eandem semper in tota rerum universitate esse posse, quamvis in singulis ejus partibus mutetur. Ita scilicet ut putemus, cum una pars materiae duplo celerius movetur quam altera, et haec altera duplo major est quam prior, tantundem motus esse in minore quam in majore; ac quanto motus unius partis lentior fit, tanto motum alicujus alterius ipsiae qualis fieri celeriorem.
Conservation
1 follows from the perfection of the Creator; for how could the world have more or less motion than He first put into it. The amount of motion depends on size and celerity: a piece of matter has as much motion as another that moves twice as fast but is half as big. Tradition has, rightly or wrongly, turned these two features into mass and velocity, and adopted the term momentum. As we see no reason to depart from it (too much at any rate), Cartesian momentum will be taken to be something like the product of mass and velocity-which is what Newton has in his Definitio II:
1 Here I summarize the most relevant ideas; but if a translation is preferred, the 'authorized' onewhich Descartes himself went through and corrected-is by the abbé Picot (1647) .
(whose existence we assume) goes the other way;
.
Which roughly says that "The quantity of motion is the measure of what is derived from the velocity and quantity of matter together. The motion of the whole is the sum of the motion in the single parts; and is therefore double in a body twice as big, with the same velocity, quadruple with twice the velocity." 3 Roughly: "The quantity of matter is the measure of what is derived from its density and size together." 4 A concept corresponding to our "momentum" seems to exist in Lagrange only to the extent that the expression quoted appears; I could find no name (not impulsion, not even quantité de mouvement) given to it. 5 Typically Φ (which Lagrange naturally did not call the "Lagrangian") would have been the difference T V − (in his notation) between what we now call the kinetic and potential energies. Since the potentials Lagrange considered depended only on position, so that V d δ δ ξ vanished, he often wrote . d δΤ δ ξ But the difference T V − also figured as the integrand in Lagrange's variational principle, and there the potential is not irrelevant. 6 Which is assumed to be a differential manifold; see Definition 1.4.1 in Abraham and Marsden (1978) . 7 A covector-the differential of a function, for instance-transforms vectors linearly into scalars. The transformation law for the components of a covector is the inverse of the law applying to those of a vector: as Hamilton's i η′ are the components of a vector, the i ϖ transform like a covector; and furthermore the i V x δ δ are the components of the differential , dV which is a covector. Using more modern ideas, coordinates ,
Q arise by specifying a suitably 'independent' set of (smooth) functions : 
To go the other way
:
which is a differential manifold with twice as many dimensions as the underlying manifold (here the linear space ). E For the energy provides the Hamiltonian .
turns a vector into a scalar. 9 The Lagrangian is a function of position and velocity, in mechanics typically the difference between the kinetic and potential energies; without a potential it is just . K 10 Here the tangent bundle is the Cartesian product , × E E whose elements are ordered pairs of the form ( , ) , q x where q belongs to the underlying manifold , E and the tangent vector x to the linear space q T = E E tangent at q to . E Later, with constraints determining a configuration space , Q the tangent bundle TQ will be . Q ×E See Abraham and Marsden (1978) , Section 1.6. So far there has been no potential, and . L K = A potential ( ) U q depending on position alone will not contribute to the geometry, for with a Lagrangian ( , ) for a (unit) charge moving in an electromagnetic field characterized by the scalar potential φ and vector potential A will make the Cartesian and Lagrangian momenta differ.
We now have three kinds of mechanical ingredients-constraints, masses, forces (potential)-and can introduce a corresponding nomenclature. The masses here are kinematical as they are seen as calibrating distance. With a potential depending on position alone, q dK and q dL are the same, and hence the kinematical and dynamical geometries coincide. But a velocity-dependent potential can produce a dynamical geometry that differs from the kinematical.
GEOMETRY TRANSFORMATION
Attitude to geometry can be conditioned by ontological prejudice: if constraints and masses are seen as mechanically primary, and forces as somewhat alien, it may be felt that the geometry of mechanics should be fundamentally kinematical. But then with velocity-dependent forces there will be two competing geometries, as can be illustrated with Hamilton-Jacobi theory.
Perpendicularity in Hamilton-Jacobi theory
A central feature of Hamilton-Jacobi theory 14 is the interplay between a 'congruence' of (basically 15 ) non-crisscrossing curves on the configuration space , Q and the level surfaces of the characteristic function :
. S Q → The relationship, determined by a transformation
turning a covector field dS p = into a vector field q tangent to a congruence on , Q can again be Cartesian and merely kinematical or Lagrangian and dynamical. Given a characteristic function , S a mass tensor m ♯ transforms the momentum dS into the 'Cartesian' velocity ( ) , q m dS TQ ∈ ♯ which will 13 The velocity of light does not figure as it is set equal to one. 14 For an account of the theory see Abraham and Marsden (1978) 
Final remarks
We have separated the geometrical contributions of the various mechanical ingredients: constraints, masses, forces. The "background" contribution made by constraints is not really the issue here, and was mentioned for completeness. Velocityindependent forces like gravity make no contribution at all. So we have been mainly interested in masses and velocity-dependent forces. The masses, or rather the mass tensor, gives rise to a kinematical geometry and to the momentum that came out of Descartes' 'theological' conservation principle. But the momentum associated here with Lagrange (and with a "dynamical" geometry) is more general, and cannot be based on a tensor in the presence of a velocity-dependent potential. Indeed the characteristic function in Hamilton-Jacobi theory can determine two congruences of trajectories, one Cartesian and kinematical, the other Lagrangian and dynamical.
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